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([2, 3]). , ([12])






$K=\mathbb{Q}$ $n$ $K$ [x1, $x_{2},$ $\ldots,$ $x_{n}$ ] $K$ [x] . $I\subset K$ [x]




Weyl $K$ [x, $\mathcal{T}_{x}^{\partial_{-]}}$ $D_{X}$ . $D_{X}$ , $I$
$D_{X}$ $D_{X}I$ , $D_{X}$ $M_{I}$ $M_{I}=Dx/D\mathrm{x}I$ .
$I$
$\mathfrak{p}$ , $M_{\mathfrak{p}}=Dx/D_{X}\mathfrak{p}$ .
[10] $D_{X}$ $Hm_{Dx}$ (MI, $M_{\mathfrak{p}}$ ) $\text{ }J\mathrm{s}I$ Noether
.
$M_{I},$ $M$p , $Hm_{D_{X}}$ (MI, $M_{\mathfrak{p}}$ ) $K$ .
A $H\sigma mD_{X}$ (M,, $M_{\mathfrak{p}}$ ) $K[x]/\mathfrak{p}$ .
1([10]) $l=\dim(K[x]/\mathfrak{p}),$ $d=\dim(K[x]/I)/\dim(K[x]/\mathfrak{p})$ . , $Ham_{D_{X}}$ (MI, $M_{\mathfrak{p}}$ )
$\{\rho_{1,2}$’ , ..., $\rho_{d}\}$
(N) .






([10]) (N) $\{\rho_{1}, \rho 2, . . ., \rho_{d}\}$ , $H\sigma m_{D_{X}}(M_{I}, M_{\mathfrak{p}})$ $K[x]/\mathfrak{p}$
, Noether .
$\mathfrak{p}$




$[\det(\partial \mathrm{p}x_{1\prime}x_{2} ,\mathrm{p}_{2_{\prime}}\cdots \cdots\prime p)]\in Ext_{K[x]}^{n}(K[x]/\mathfrak{p}, K[x])$
$p_{1}$ ... $p_{n}$
$\delta z$ . $\delta z$ $Z$ .
, $l$ { $b_{1}$ (x), $b_{2}(x),$ $\ldots,$ $b,(x)$ } , $K[x]/\mathfrak{p}$ $K$
.
2 $\{\rho_{1},\rho 2, ...,\rho_{d}\}\subset H\sigma m_{D_{X}}$ (MI, $M_{\mathfrak{p}}$ ) $I$ Noether . $i=1,2$ , ..., $d$
$\rho_{i}(1)=R_{1}$. $\mathrm{m}$od $D_{X}\mathfrak{p}$ $R_{i}\in D\chi$ ( , 1
, 1 $\mathrm{m}\mathrm{o}\mathrm{d} I\in M_{I}$ ). ,
$\{\eta\in H_{[Z]}^{n}(K[x])|f\eta=0, \forall f\in I\}\cong Hom_{K[x]}(K[x]/I, H_{[Z]}^{n}(K[x]))$
$\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}_{K}\{R.\cdot bj\delta Z|1\leq i\leq d, 1\leq j\leq l\}$
.
$\{R_{1}, R_{2}, \ldots, R_{d}\}$ Noether .
, $Ext_{K[x]}^{n}(K[x]/I, K\triangleright])=Hm_{K[}$x1($K[x]/I,$ $H_{[Z]}^{n}$ ($K$ [x])) , { $\eta\in H_{[Z]}^{n}$ ( $K[$x]) $|f\eta=$
$0,$ $\forall f\in I\}$ $K[x]/I$ .





$3([10])$ {R1, $R_{2},$ $\ldots,$ $R_{d}$ } , $I$ Noether . Noether
$R_{1},$ $R_{2},$
$\ldots,$
$R$d $L_{1},$ $L_{2},$ $\ldots,$ $L_{d}\in D_{X}$ . , $f\in K$ [x] $I$
,
$L_{1}f,$ $L_{2}f,$
$.$ .., $L_{d}f\in \mathfrak{p}$
.




, Noether . ,
.
[10] , Noether $K[x]/\mathfrak{p}$ $H\sigma m_{D_{X}}$ (MI, $M_{\mathfrak{p}}$ )
. , Noether , $H\sigma m_{D_{X}}$ (MI, $M_{\mathfrak{p}}$ )
. Noether
.
$\mathrm{B}([8,10])$ $D_{X}$ $\rho\in H\alpha$n$D_{X}$ (DX, $Dx$ ) $R=\rho(1)$ , $\rho$
( $M_{I}=D_{X}/D_{X}I$, $M_{\mathrm{p}}=Dx/D_{X}\mathfrak{p}$ ) $Hom_{D}$x.(MI, $M,$ ) ,
$fR\in D_{X}\mathfrak{p},$ $\forall f\in I$
.
, Noether .
$\mathrm{C}R\in D_{X}$ Noether . $x_{i}$ . , $R$ $x_{i}$
$[X:, R]\in D_{X}$ $(i=1,2, ..., n)$ Noether .
Mourrain [6] , Macaulay Inverse System
.
1 $I=<x^{3},$ $y^{2}+xy+x^{2}>$ . $\mathfrak{p}=<x,$ $y$> $Z$ $(0, 0)$
. $K$ [x, y]/ 6 . , Noether
$R_{1}=1,$ $R_{2}=(- \frac{\partial}{\partial x}),$ $R_{3}=(- \frac{\partial}{\partial y})$
3 . , $\mathrm{B}$ 2 Noether
$R_{4}=(- \frac{\partial}{\partial y})^{2}-(-\frac{\partial}{\partial x})^{2},$ $R_{5}=(- \frac{\partial}{\partial x})(-\frac{\partial}{\partial y})-\frac{1}{2}(-\frac{\partial}{\partial x})^{2}$
. 3 Noether . $\mathrm{C}$ , 3 Noether
$(- \frac{\partial}{\partial y})^{3}$ $(- \frac{\partial}{\partial x})(-\frac{\partial}{\partial y})^{2}$ .
$R_{6}=$ $($ - $\frac{\partial}{\partial x})(-\frac{\partial}{\partial y})^{2}-(-\frac{\partial}{\partial x})^{2}(-\frac{\partial}{\partial y})$
.
, Noether , Noether Noether
.
Gr\"obner .
, $K$ [x] $\succ$ , $\mathfrak{p}$ Gr\"obner . $K[x]/\mathfrak{p}$
{ $b_{1}$ (x), $b_{2}(x),$ $..\mathrm{M}b$l(x)} $B=\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}_{K}\{b_{1}, b_{2}, \ldots, b_{l}\}\subset K$[x] . $h(x)\in K[x]$
$\sum_{k=1}^{l}c’ b_{k}(x)\in B$ $h(x)- \sum_{k=1}^{l}c$k $b_{k}(x)\in I$
. $\mathrm{N}\mathrm{F}_{\succ}$ $(h,\mathfrak{p})$ ^
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80
$R\in D\mathrm{x}$ $Dx\mathfrak{p}$ Normal form . ,
$R= \sum(-\frac{\partial}{\partial x})^{\alpha}h_{\alpha}(x)$
, , $h_{\alpha}(x)$ $D_{X}$ . $h_{\alpha}(x)$ Normal
form $\mathrm{N}\mathrm{F}_{\succ}$ $(h_{\alpha}, \mathfrak{p})$ , $\mathrm{N}\mathrm{F}(R,D_{X}\mathfrak{p})$
$\mathrm{N}\mathrm{F}(R, D_{X}\mathfrak{p})=\sum(-\frac{\partial}{\partial x})$ ’NF$\succ(h\alpha, \mathfrak{p})$
. , R-NF(R, $D_{X}\mathfrak{p}$ ) $\in D_{X}\mathfrak{p}$ .
Normal form , $\mathrm{B}$ .
(B) $\mathrm{N}F(fR, D_{X}\mathfrak{p})=0,$ $\forall f\in I$ .
,
$NT= \{R=\sum_{\alpha}(-\frac{\partial}{\partial x})’ h_{\alpha}(x)|h_{\alpha}\in B, \mathrm{N}\mathrm{F}(fR,D_{X}\mathfrak{p})=0,\forall f\in I\}$
. $NT$ $H\sigma m_{D_{X}}(M_{I}, M,)$ . $R\in NT,u\in K[x]/\mathfrak{p}$
, $NF$(Ru, $D_{X}\mathfrak{p}$ ) $NT\mathrm{x}K[x]/\mathfrak{p}arrow NT$ . , $NT$
$K[x]/\mathfrak{p}$ .
$k$ , $NT(k)=\{R\in NT|\mathrm{o}\mathrm{r}\mathrm{d}(R)\leq k\}$ . , $\mathrm{C}$ $R\in NT$ (k)
(C) $\mathrm{N}\mathrm{F}([x_{i}, R], D_{X}\mathfrak{p})\in NT(k-. 1),$ $i=1,2,$ $\ldots,$ $n$ ,
. $K[x]/\mathfrak{p}$ , $NT(k-1)$ $K[x]/\mathfrak{p}$
$\mathrm{C}$ , .
, $NT$ $K[x]/\mathfrak{p}$ $NB$
.
, $K$ [x] , $\mathfrak{p}$ . $B=\{h$ $\in$
$K[x]|\mathrm{N}F_{\succ}(h,\mathfrak{p})=h\}$ $\{b_{1}, b_{2}, \ldots, b\iota\}$ . $(- \frac{\partial}{\partial x})^{\alpha}$
. , Noether
. 1 $NT$ , $NB(0)=\{1\}$ .
$k=1,2$ , ... , $NB$ (k) , $NB$ .
Step 0. $NB=NB$(0) .
Step $\mathrm{k}$.
(0) $NB(k)=\phi$ .
(i) (C) , Noether $(-_{\partial^{\theta}\overline{x}})^{\alpha}$ .
(ii) (i) multi index $\alpha$ , .
, $\alpha$ ,
$R=(- \frac{\partial}{\partial x})^{\alpha}+\sum_{\gamma\prec\alpha}(-\frac{\partial}{\partial x})^{\gamma}h_{\alpha}(x)$
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. , h $(x)\in B$ . $R$ 1 . ,
$($ - $\frac{\partial}{\partial x})^{\gamma}$ , Noether ,
.
(C) (B) $R$ , $NB(k):=NB(k)\cup\{R\}$ .
(iii) $NB(k)\neq\phi$ , $NB=NB\cup NB$ (k) , Step $k+1$ .
$NB(k)=\phi$ , $NB$ , $NB$ ,
.
$2([10])$ fix, $y$ ) $=x^{6}+3x^{4}y^{2}+3x^{2}y^{4}+y^{6}-4x^{4}-18x^{3}y$+19x2$y^{2}-18xy^{3}-4^{4}y+23x^{2}-20xy+23y^{2}-9$ ,
$f_{2}(x, y)=(x^{2}+y^{2}-5)^{3}$ , $I$ $I=<fi,$ $f_{2}>$ . $\dim K$ [x, $y$] $/I=24$ ,
Noether $HmD_{X}$ (MI, $M_{\mathfrak{p}}$ ) 24 $K$ . $\dim\kappa K$ [x, $y$] $/\mathfrak{p}=8$
$I$ (length) 3 . , Noether 3 .
$\mathfrak{p}$ $(y\succ x)$ Gr\"obner
$\mathfrak{p}=<$110xy $+$ 27x4-135$x^{2}-131,$ $x^{2}+y^{2}-5>$
. $(-_{\delta^{\partial}\overline{x}})\succ(-_{\mathrm{y}_{y}}^{\partial})$ .
Noether .
, $NB(0)=$ {R1}, $R,$ $=1$ .
Step 0. $NB=\{R_{1}\}$ .
Step 1. $\mathrm{B}$ Noether ,
$R_{2}=$ $(- \frac{\partial}{\partial x})+$ $(- \frac{\partial}{\partial y})(-\frac{51}{88}x^{3}y-\frac{1087}{792}x^{2}-\frac{177}{88}xy+\frac{3493}{792})$ ,
, $NB(1)=$ {R2}, $NB=\{R1, R_{2}\}$ .
Step 2. $\mathrm{C}$ 2 Noether .
$R_{3}=$
.
$(- \frac{\partial}{\partial x})^{2}+(-\frac{\partial}{\partial x})(-\frac{\partial}{\partial y})(-\frac{51}{44}x^{3}y-\frac{1087}{396}x^{2}-\frac{177}{44}xy+\frac{3493}{396})$
$+(- \frac{\partial}{\partial y})^{2}(-\frac{1}{44}x^{3}y-\frac{565}{1188}x^{2}+\frac{7}{22}xy-\frac{1985}{594})$
$+(- \frac{\partial}{\partial y})(-\frac{139}{2112}x^{2}y+\frac{433}{2112}x^{3}+\frac{M039}{57024}y-\frac{19037}{14256}x)$
. $NB(2)=$ {R3}, $NB=\{R1, R_{2}, R_{3}\}$ .
, $I$ Noether 3
, . , Step $NB(3)=\phi$
$I$ Gr\"obner. $11y^{4}-18xy^{3}+$ (49x2-52)y$2+$ (-18x3-20x)y $+$ 11x4-52x$2+116,$. $(-4860x^{3}-9658x)y^{3}+(-1026\prime x^{4}+38925x^{2}+21153)y^{2}$






$+$ (-288684$x^{7}-$ 61182x$5+$ 8397090x3-40928724x)y
-208494x$8+$ 5099787x6-28907010x$4+$ 50784331x$2+$ 17252573,. $(797637680x^{2}-907610814)y^{3}+$ (-1458602591x’ $+$ 4886310707x)y2
$+$ (-6753l5036x’ $+$ 7125528986x$4-17415047846x^{2}-2419191918$) $y$
$-58394358x^{\mathfrak{g}}+$ 956391381x7-4549324230x5
$+$3373418249x3 $+13676523779x$
. $I$ Noether ( ) $\mathfrak{p}$
$I$ , $I$
. , membership problem , Noether
.
3.
$I$ . $I$ $\mathfrak{P}$ $\mathfrak{P}=\mathfrak{p}_{1}\cap \mathfrak{p}_{2}\cap\cdots$ $\mathfrak{p}_{m}$
. $I$ $I=I_{1}\cap I_{2}\cap\cdots$ $I_{m}$ . .
$R$ $\mathfrak{p}\dot{.}$ $I_{i}$ Noether
$fR\in D_{X}\mathfrak{p}_{j},$ $\forall f\in I$
.
, $\mathrm{N}\mathrm{F}(fR, Dx\mathfrak{p}_{i})=0,$ $\forall f\in I$ , Noether
.
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